Numerical Solution to the Heat Equation
For a Rectangular Metal Plate
The Heat Equation in 2 dimensions is the Partial Differential Equation: 

δu/δt = c²(δ²u/δx² + δ²u/δy²)            where: u = u(x,y,t) is the temperature, and  

                                                                    c² = K/σρ  ( K = thermal conductivity, σ = specific heat, ρ = density of material )
c² is called the Thermal Diffusivity.

Now, for a metal plate, if you divide it up in a grid pattern of tiny rectangles, and try to calculate the temperature of a specific “cell” from the surrounding conditions, an approximation to δ²u/δx² can be found from the difference in the temperature gradient between one side of a tiny rectangle and the other.

Suppose a tiny rectangle is at grid position (j,k). Then, for the left-hand side of the rectangle, 
δuj,k/δx ~ (uj,k – uj-1,k)/Δx         …….. A
and for the right-hand side,

δuj+1,k/δx ~ (uj+1,k – uj,k)/Δx     …….. B
Then, an approximation for δ²u/δx² would be;

δ²u/δx² ~ ( δuj+1,k/δx - δuj,k/δx )/Δx     ….... C
Substituting A and B into C gives;

δ²u/δx² ~ (uj+1,k – 2uj,k + uj-1,k)/(Δx)²

You then do the same thing for δ²u/δy² in the vertical direction, and finally you can calculate an estimate for Δu from;

Δuj,k = c²((uj+1,k – 2uj,k + uj-1,k)/(Δx)² + (uj,k+1 – 2uj,k + uj,k-1)/(Δy)² )·Δt
This is indeed the formula I use for each rectangular element located at grid position (j,k) – just a bit of simple algebra, in the end!

A J Tooth / August 2004
